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I. INTRODUCTION 
The problem of the distribution of fluid properties behind a plane detona- 
tion front in a condensed high explosive has been solved by G. I. Taylor (1). 
The velocity imparted to a rigid piston by such a detonation head was 
calculated, for the polytropic case with y = 3, by Rostoker and Murray (2) 
and Aziz, Hurwitz, and Sternberg (3). The last paper (3) also employes a 
finite difference procedure to obtain the complete flow field following the 
impact of the detonation wave on the rigid piston. It is of interest to find an 
analytic description of this flow field. This will allow, among other results, 
description of the trajectory of the shock wave reflected from the accelerating 
piston. The problem of a detonation front rebounding as a weak shock wave 
from an infinitely massive piston was solved by Zeldovich and Staniu- 
kovich (4). It will be shown that the present calculation, for arbitrary explosive 
to piston mass ratios, reduces to the Zeldovich-Staniukovich result in the 
limit of a vanishing explosive to piston mass ratio. 
The gas-dynamic problem under consideration is the following: a con- 
densed explosive, of length L, is detonated at one end. A detonation front, 
of velocity D, will race from the free end, where expansion into vacuum 
occurs, until it reaches the piston. The flow behind this detonation front, 
before impact, is a simple centered wave (Taylor wave). When the detonation 
wave reaches the rigid piston a weak shock is reflected while the piston is 
accelerating from a zero initial velocity. 
Figure 1 is a space time diagram indicating the flow regions. Region 1 is 
the unreacted solid explosive. Region 2 is the Taylor wave. In region 3 
occurs the interaction between the wave crossing the reflected shock and 
the wave reflected from the piston, 
The gaseous explosion products are assumed to be polytropic, i.e., the 
pressure and density are connected through the relation 
p-p. (1-l) 
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FIG. 1 
This is equivalent to having an equation of state of the form 
E=- p 
P(Y - 1) ' 
(1.2) 
where J? is the specific internal energy. The constant y is the same in both 
equations for a given explosive. The value y = 3 is used here because this 
allows the analysis to be carried to completion. As has been shown by Aaiz 
et al. (3), the piston motion is insensitive to changes in y between 2.5 and 3.5. 
The weakeness of the reflected shock is deduced from the pressure jump 
following impact, which is found to be 2.37. 
Previous results, relevant to the present problem, are listed in Section II. 
The main results of the present study are described in Section III: explicit 
formulas for the piston path, reflected shock path and the flow field between 
them are presented. A plot of reflected shock trajectories, for various mass 
ratios, is given, as well as a plot of the pressure distribution at various times. 
(Figs. 3 and 4 respectively.) 
II. SUMMARY OF PREVIOUS RESULTS 
Throughout the calculation the following dimensionless variables are 
used: 
x=x 
L’ 
t=E 
L ’ 
u=l 
D’ 
c=: 
D’ p= b3)Po~ 
P=&im. (2-l) 
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Here 2 is the distance, t is the time, zi is the particle velocity, E is the sound 
speed, p is the density and p0 is the density of the unreacted explosive. 
In region 2 we have a simple wave and explicit formulas were given by 
Taylor. For the special case of y = 3 and with the above nondimensionaliza- 
tion scheme the flow in region 2 is given by: 
X 1 
u2=z-4 
1 
c2=g+4 
P-2) 
(2.3) 
Pz =; c2 
P2 =pz"* 
(2.4) 
(2.5) 
These relations satisfy the Chapman-Jouguet conditions on the line OA in 
Fig. 1, namely: 
u cJ - $, c,J=iv PcJ=l, ,%J=l. (2.6) 
Using the above relations to obtain starting values, Rostoker and Murray (2) 
and Aziz et al. (3) found expressions for the piston speed. In their analysis 
it is assumed that the reflected shock is weak and hence the positive character- 
istics do not change slope upon crossing it. Thus the relation II + c = x/t 
remains valid on the piston path. The expression for the rigid piston speed 
up as function of time is: 
u, z 1 + ; - q (1 + L? - x)-1’2 - $ (1 + Q - A)1’2, 
t t 
(2.7) 
where Q is proportional to the mass ratio; 52 = 32r/27 = (32/27) (m,/m,) 
with m, and mg being the unreacted explosive mass and piston mass, res- 
pectively. The terminal velocity, found by setting t -+ co in (2.7) is: 
Uf = $2 I(, = 1 - $ [(l + L?)1’2 - 11. W-9 
In an earlier paper, Zeldovich and Staniukovich (4) considered the special 
case of an infinitely massive piston and y = 3. For this case, of an unmoving 
plate, they calculated the flow field in region 3 and the path of the reflected 
weak shock. Their results for the flow field may be summarized as follows: 
1 x-l c=-.- 
t 
u=----- 
t 
case of 
P’fc P =P3 Y = 3, r -+ 0. (2.9) 
40912413-7 
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The trajectory of the reflected weak shock, x8(t) is given by 
(2.10) 
In all of the above equations the dimensionless time for start of the piston 
motion is t = 1 (point A on space-time diagram, Fig. 1). 
III. THE FLOW FIELD IN REGION 3 AND REFLECTED SHOCK PATH 
To determine the flow in region 3 it is necessary to solve the equations of 
motion subject to the boundary condition that u = u, on the piston path 
x = x, and subject to the initial condition that at t = 1 (and x = 1) u = 0, 
c = 1. The dimensionless continuity and momentum equations can be 
written respectively in the form: 
The pressure and density have been eliminated from Eqs. (3.1) and (3.2) 
through the use of the polytropic relation and the expression for the speed 
of sound, P = ti/,% Following Courant and Friedricks (5) the Rieman 
invariants, for y = 3, R, = u + c and R, = u - c are introduced. The 
equations of motion become: 
$+R,++j (3.3) 
It is seen that RI is constant on curves, in the x - t plane, of constant slope 
l/R, and R2 is constant on curves of constant slope l/R, . In region 2 it was 
found RI = x/t and R2 = - + . Because region 3 is not a simple centered 
wave R, will not be a constant everywhere there. However, the assumption 
of a weak reflected shock means that R, will remain x/t in region 3 also. We 
thus have 
u + c = : (in region 3). (3.5) 
It now remains to evaluate R, = u - c in the same interaction region. 
A negative characteristic, P, along which R, is constant, is a straight line 
which will intersect the piston path. Consider Fig. 2: 
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FIG. 2 
The negative characteristic has an equation of the type 
t = ax + b, 
and it intersects the piston path at a point (x~(T), T). The slope a must equal 
l/R,; i.e., 
1 1 a=-= 
R2 u--c’ 
In particular we can evaluate a in terms of 7 by writing R,(T) = u, - c, , 
where u, and c, are the flow velocity and sound speed at the moving piston. 
We write 
1 X(T) - = R,(T) = u, - cp = u, + cz, - 25, = - - 
a 7 
2c, . (3.6) 
It is necessary, therefore, at this point to obtain x, explicity. This is done by 
straightforward integration of Eq. (2.7). 
x2, = t + g 11 - [(l + 52) - +]1’2/ 
From which 
(t > 1). (3.7) 
E?p = 1 + ; 11 - [l + L? (1 - +)]“‘1 . (3.8) 
The sound speed at the piston is found by writing 
X ( ) 79 = 119 + c, 
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and substituting from (3.8) and (2.7) to get 
C,(T) = $ 
[ 
1+-Q __ _ 
(1 + Q - py2 
(1 $ Q - {-jli2 
1 
. 
Thus the slope of the r- characteristic, a = l/R,, is found to be 
u= 1+J- l- 
; Q [ [I +i(5jy2] 1-l. 
(3.9) 
(3.10) 
The value of b is calculated from 
b = 7 - ax,(r) = 7 
1 + ; [I - (I + .Q - $,“‘I 
1+; l---- 
i 
l+Q 
(1 + a - &jl’, 
252 
= 2(1 + Q) - (2 + Q) (1 + a - +j,,,* 
(3.11) 
Thus in the equation for the P- characteristic, t = ax + b, we have all 
coefficients exclusively in terms of T - the point where the negative character- 
istic intersects the piston path. Substituting from (3.10) and (3.11) in 
t = ax + b, extracting thusly T, or rather (1 + 9 - Q/T)~/~, we can put 
R,t = x - (b/a) in the form 
R t 
2 
= x _ 2t + ‘tt - ‘> 
(1 +qt -Q 
but R, = u - c and therefore 
2t + Lqt - x) 
u-c=+ x- (l+Q)t-Q ’ [ I 
(3.12) 
At the same time 
u+r=;. (3.13) 
Solving (3.12) and (3.13) leads to the following expressions for u and c in 
region 3: 
u32LL (l,:+~+;;fx] 
t t I 
(3.14) 
1 p+$,t-px 
I c3 =t (1 +Q)t -Q 1 * (3.15) 
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It is easily verified that u and c given here satisfy the equations of motion (3.1), 
(3.2). Notice that when 52 -+ 0 Eqs. (3.14) and (3.15) reduce to the expressions 
given in (2.9), as they should. It now rerhains to complete the delineation of 
region 3 by determining the reflecting shock path. The velocity of a weak 
shock wave can be approximated (5) as that of a compression wave. Therefore 
the reflected shock trajectory, X, , in the x - t plane may be defined by the 
differential equation: 
L 
-0.8 
REFLECTED SHOCK 
TRAJECTORIES FOR 
VARIOUS MASS RATIOS. 
I 
I 
I I 
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FIG. 3 
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where the subscripts 2 and 3 refer, respectively, to flow properties in regions 2 
and 3. Substituting for ua , c2 , ~a and ca from Eqs. (2.2), (2.3) (3.14), and 
(3.15), the differential equation takes the form 
dx, 
[ 
1 52 1+n 
iii- 
-- 
2t + 2t((l + sz) t - Q) 1 x.=-~-(I+Q):~R. (3.17) 
The solution of Eq. (3.17), meeting the initial condition x,( 1) = 1, is 
21-9 (1 +qt-- -- %’ = , + fJ 2(1 + Qn) 
- 2(1 : Q) [(I + J-4 t - v2* (3.18) 
This result reduces to the correct answer for the infinitely massive piston 
(52 ---f 0) as given by Zeldovich and Staniukovich (3), Eq. (2.10). The speed of 
the reflected shock wave is therefore 
dx,- --- 1 1 1 
dt --2 4 [(l + Q) t - Q]1’2 * 
(3.19) 
Figure 3 shows the reflected shock tragectories for various mass ratios. 
Figure 4 shows the typical behavior of the pressure distribution at various 
times for the case of Q = 2. The ordinate is the ratio of the local pressure 
to the initial reflected shock pressure. 
I 
P 
pi,,,, 
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OF r=64/27 (il*2 1 
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